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Introduction

Propagation® of water waves from the ocean to a
harbor
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LAGA, Université Sorbonne Paris Nord, Villetaneuse, France IRL CRM-CNRS, Centre de
Recherches Mathématiques, Université de Montréal, Canada, Université de Toronto, Canada

Journées des Ondes du Sud-Ouest, 19 mars 2025

twith Michael Levitin, Pierrick Quemar, Nilima Nigam
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Introduction

Question

How can one get propagation of a water wave from the Laplace equation?
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Introduction

Question

How can one get propagation of a water wave from the Laplace equation?

The answer is due to Airy in a deep ocean and for a flat bottom (Tides
and waves 1845).
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Question

How can one get propagation of a water wave from the Laplace equation?

The answer is due to Airy in a deep ocean and for a flat bottom (Tides
and waves 1845).

Different scales: A, = (m™~1), L ~ 200m horizontal length of the
bounded domain, hy ~ 10m characteristic height of both domains,

a =~ 30m length of the region where hg varies (m). What is A\; 1 ~7?
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Question

How can one get propagation of a water wave from the Laplace equation?
The answer is due to Airy in a deep ocean and for a flat bottom (Tides
and waves 1845).

Different scales: A, = (m™~1), L ~ 200m horizontal length of the

bounded domain, hy ~ 10m characteristic height of both domains,
a =~ 30m length of the region where hg varies (m). What is A\; 1 ~7?

High frequency parameter?!?
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Propagation of the heave in an infinite ocean with flat bottom
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Infinite ocean, flat bottom: find a wave
Undisturbed ocean: Q = {x € (—o00,0),z € (—ho,0)}.
Equations: divii = 0 in Q, boundary conditions &.n = 0 at z = —hg.
Potential fluid: 7(x, z, t) = Vé(x, z, t).
Perturbation: a free surface appears: z = 7(x, t). System
(do(x, t) := ¢(x,0,t), linearization of ¢(x,n, t) for n small)

Oro +gn =10 (1) Linearized Bernouilli
Orn — 0,0(x,0,t) =0 (ii) displacement of the surface
Ap=0 (iif) incomp. irr.

az(b(x7 — ho, t) =0 (IV)

From the elliptic problem (iii)-(iv) one gets an hyperbolic problem on the
surface (i)-(ii) through a Dirichlet to Neumann operator.
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Resolution

e Assume ¢ given. The problem (iii)-(iv) has a unique solution? (valid
even in infinite domain), hence there exists an operator A such that

020(x,0,t) = A(go)(x, t).

2Still valid when the bottom is z = —ho(x), or when the domain is %
Qierr = {x € (—00,0),z € (—ho,0)}+Neumann condition at x = 0. T |
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Resolution

e Assume ¢ given. The problem (iii)-(iv) has a unique solution? (valid
even in infinite domain), hence there exists an operator A such that

6z¢(xa 07 t) = A(¢0)(X7 t)'
e Partial Fourier transform (after symmetrization if Qer):
S0k, 2, t) = K2k, 2, t) =
d(k, z, t) = A(k, t) cosh kz + B(k, t) sinh kz
From ¢(k,0,t) = do(k, t), ' (k, —ho, t) = 0,
) Ok, 2.t) = dolk, t) <o kletho)
Obtain L ¢(k,0,t) = ktanh khodo(k, t):

umann Fourier multiplier.

2Still valid when the bottom is z = —ho(x), or when the domain is ‘i"
Qierr = {x € (—00,0),z € (—ho,0)}+Neumann condition at x = 0. T |
= &
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Replace in (i), (ii):

at‘%ﬂ(l@ t) + gﬁ(kv t) :A 0
ik, t) = k tanh khodo(k, t)

:{ ik, t) = —Ldo(k, 1),
t2¢0(k t)+gktanh kh0¢0(k t) 0

Solutions gbo( t) = a(k)e/vektanhkhot | p(j)e=ivektanhkhot — g5(x t) =
* E

ax Ey(x,t) + +b+E —(x, t), with (oscillatory integral)

Ei(x,t) = 1y{ei(kx:tt\/M)dk‘
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After Fourier transform in t,
E+(X WO 1 ffel(kx—f—t\/gktanh kho— wot)dtdk

Let
ko > 0 solution of \/gko tanh kohg = wp.
Jacobian:

(k — ko)v(k, ko) = /gk tanh khg — wo, vo = %1 /k%ta“h koho+ kho cosh™2 koho

\/tanh ko ho
Use % feltv(k,ko)(k_ko)dt = m&ko to obtain, for wg > 0

EJr(X,wo) = Vo_leikox, E,(X, _WO) _ Vo_leikox.

Fourier mode in time in wg, —wg:

cosh ko(z + ho)

[a( ko) cos(kox + wot) + b(ko) cos(kox — wot)] vo cosh ko hg

®0, M, ¢ are waves. %
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Propagation of the heave in an infinite ocean with flat bottom

Movement of the particles
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Non flat bottom, expression of the linearized solution
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Non flat bottom
Domain is Q = {(x, z) € R_ x R, —h(x) < z < 0}. Introduce
Q={(x,z) e R xR, —h(|x|]) < z < 0}.
Assume there exists hy > 0 such that b := h — hg is compactly supported,

with a: length of the support of b= h — hg.
Physical problem (harbor), W a function on Q x R (linearized Euler for the

free surface equation):

AV =0

OnV¥(x, —h(x),t) =0,0,¥(0,z,t) =0
Free surface system:

atW(X,O, t) + gn(Xa t) =0
O — 0, V(x,0,t) =0

=
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Dirichlet to Neumann operator
Problem on ¢ (on Q):

A =0,Q
{ 0, = 0, on z = —h(x) (1)

Problem on &, on Q: identical, adding 9x®.(0,z) =0 on x = 0.

Proposition
o ®(x,0) = ¢(x)
For ¢ € H2(R), the problem { A® =0 has a unique solution
0p® =0,z = —h(x)

in HY(Q) (variational problem with inhomogeneous Dirichlet condition on
top). Operator A: H%(R) — I-'I_%(R): ¢ — 0,9(.,0): pseudo-differential
operator (DTN ). If ¢ even, the restriction of & on  satisfies (1) and

DTN similar. : b :
LD @u
/A D &
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Wave equation system

Determination of ¢, associated with the eigenvalue A of the DTN.

0tp+gn=0
o —Np=0

Spectral projection on an eigenmode ¢, associated with an eigenvalue X of
the Dirichlet to Neumann ¢ := C ® ¢y:

{ C'(t)or+gn=0
C(¢) + AgC(t) = 0
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Expansion of the DTN as a pseudodifferential operator
(Craig-Sulem..) Notations D = Op(k) = + £, b(x) = hg — h(x).
Expression of the solution of the Laplace equation:

o(x.2) = [P G) ) + b DI ()

Define the operators A(b) and C(b) through
(A( = [ e ke G(k)dk, (C(b)$)(x) = [ €™ cosh k(ho + b(x))d(k)dk

The equation (9, — b'0x)® = 0 on z = —h(x) rewrites A(b)¢+ C(b)y) =0
and the DTN operator is given by DTN(¢) = D tanh hgD(¢) + D).
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Proposition (C-S 2005): There exists an operator L(b) such that

cosh(z + hg)D _
oD )0+ [sinhDI(L(B)O)). (3)

d(x,z) =
The operator L(b) is given by —B(b)A(b), with B(b) = C(b)~1L.

The Dirichlet to Neumann operator is thus
DTN(¢) = [Dtanh hgD](¢) + DL(b)(¢).

Expansion of L(b) (in powers of b) can be found in the annex of (C-S

2005) L= _COS#hOk *bx coshlhok’ L= m * OP(bk) *sinh hok x Lj...
T GL‘B "
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Approximate equations: Helmholtz, SW, Berkhoff

eShallow water regime corresponds to the equation

Psw(l) := dix(h(x)%) + M(x) =0,/'(0) = 0. (4)

eDeep water regime (khg >> 1) : Let ky(x) unique positive solution of
kx(x) tanh(kx(x)h(x)) = A: Helmholtz equation (ky ~ cst)

Pow () = 1" (x) + (ka(x))*¥(x) = 0,4/(0) = 0. (5)
elntermediate regime: Let introduce Ty a function3constructed from X
and h, one obtains the equation

Pir(9) = S (Ta()52) + () Ta(x)o() = 0,6(0) =0, (6)
(

rkhoff (1976) as the mild slope eq. %
3such that 2kA(x)TA(x)(cosh(k,\(x)% ka(x)h(x) + Smh2ka (b &
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Non flat bottom, expression of the linearized solution

Numerical comparison between solutions
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Geometrical optics and physical optics

Geometrical optics approximation (at frequency 1):. Model: action of the
differential operator D3 on ae?:
(%)3(aei0) — ei0 [a/// + 3i9'3" + 331[_(9/)2 + i9”]
+a[_39//9/ _ i(9/)3 + i9///”
Reordering (lowest to highest order) and creating a hierarchy of terms:
e—i@(%)3(aei6) ="+ i[39’a” —30"4 + 9//13]
+[—30"0'a — (0")2a'] — i(0')3a.
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Geometrical optics and physical optics

Geometrical optics approximation (at frequency 1):. Model: action of the
differential operator D3 on ae?:
(%)3(36'.0) — ei0 [a/// + 3i9'3" + 331[_(9/)2 + i9”]
+a[_39//9/ _ i(9/)3 + i9///”
Reordering (lowest to highest order) and creating a hierarchy of terms:
e—i@(%)3(aei6) ="+ i[39’a” —30"4 + 9//13]
+[—30"0'a — (0")2a'] — i(0')3a.

Finding the geometrical optics solution of PU = 0 amounts to put to zero
the two highest order terms of P(ae'?).
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Geometrical optics method used for the three approx. models
SW: | = agye® — (6)2 = (A) a2y 06h = cst = a2,V Ah.

DW: 0'(x) = kx(x), ¢ = apwe® — 2¢0'ap,, + 6" apw — apw V0 = cst.
IR: 0'(x) = ka(x), 1 = ajge’® — a2 Taky = cst.
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Geometrical optics method used for the three approx. models
SW: | = agye® — (6)2 = (A) a2y 06h = cst = a2,V Ah.

DW: 0'(x) = kx(x), ¢ = apwe® — 2¢0'ap,, + 6" apw — apw V' = cst.

IR: 0'(x) = ka(x), 1 = ajge’® — a2 Taky = cst.

SW: obtain i(2h6;a’,, + (hty) asw) + (has,,) which gives asw = h4
/

hence (halgy,) = (—1h™a k) = h™a[—Ln"h+ L (K.
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Geometrical optics method used for the three approx. models
SW: | = agye® — (6)2 = (A) a2y 06h = cst = a2,V Ah.
DW: 0'(x) = kx(x), ¢ = apwe® — 2¢0'ap,, + 6" apw — apw V0 = cst.

IR: 0'(x) = ka(x), 1 = ajge’® — a2 Taky = cst.

SW: obtain i(2h0;a%,, + (ht)’ a5W) + (haSW) which gives agy = h™4
hence (halgy,) = (—1h™a k) = h™a[—Ln"h+ L (K.
DW: obtain /(9”aDW +20'ah,,) + (aDW) hence
with apy = (0')72, ap,, = —%g//(af)f%
apy = [=30"0" + 3(0"))(0") 2.
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Geometrical optics method used for the three approx. models
SW: | = agye® — (6)2 = (A) a2y 06h = cst = a2,V Ah.

DW: 0'(x) = kx(x), 1 = apwe’® — 2¢0'ap,, + 6" apw — apw V0 = cst.
IR: 0'(x) = ka(x), 1 = ajge’® — a2 Taky = cst.

SW: obtain i(2h0;a%,, + (ht)’ a5W) + (hasw) which gives agy = h™4
hence (halgy,) = (—1h™a k) = h™a[—Ln"h+ L (K.
DW: obtain /(9”aDW +20'ah,,) + (aDW) hence
with apw = (6')" 2, ap,, = —16"(¢') 2

Ay = [=36070 + 3(0")°1(0) 2. 1
IR: obtain /((TAQ’)’a,R + Ta0'alg) + (Taalg) then ag = (Ta0')~% := f(b(x))
hence (Taalp) = (Taf' (b)) = Taf'(b)b” + Os(Taf")(b')2.
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Geometrical optics method used for the three approx. models
SW: I = aswe™ = (6)° = 50, 33w boh = cst = agy VAh.

DW: 0'(x) = kx(x), 1 = apwe’® — 2¢0'ap,, + 6" apw — apw V0 = cst.
IR: 0'(x) = ka(x), 1 = ajge’® — a2 Taky = cst.

SW: obtain i(2h6;a’,, + (hty) asw) + (ha’SW)’ which gives agy = h™4
hence (halgy,) = (—1h™a k) = h™a[—Ln"h+ L (K.

DW: obtain /(6’”510W +20'ap,,) + (aD3W) hence
with apw = (0') "2, ap,, = —30"(¢) "2,

BW _ 50///9/ (9//)2](9/)—%- 1

IR: obtain i((Tx0') 2 + Tx0'alx) + (Tadle) then am = (Ta0)~F = F(b(x))
hence (Tadlg) = (Taf' (D)) = Taf (b)b" + Bs(TAf')(H')2.
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Formal 'asymptotics’ expansion of a PDO
Aim: write the action of a pseudodifferential operator Op(A) on
X — a(x)e’e(x L Op(A(b(x), D))(a(x)e®®)) = L [ el=x" K A(b(x), kya(x")e®A (<) ax’ k.
Definition
We call formal asymptotics expansion of Op(A) on x — a(x)e™*) at order
N the sequence

Op(A)M(ae'®) = [A(b(x), 0'(x)) (/Lo 3i(x)) + Sty L1 (a)]e”
where LJA’G/ is the j — th term in Hérmander. With A() = 81’(, (b(x), k)
L2 () = A (b(x), )3 + 36" A" (b(x), )3,

157 (a) = A"(b(x),0")a" + 0" AP (b(x),0')a’ + 1(0")2A®) (b(x),0')a +
0" AB)(b(x),6")a.

Hint of the proof: replace Op(A by its Taylor polynomlal Observe that |

Op((k — 0'(x)Y)(ae™?) = L ¢ [a(x + u)e2? (v’ =inu R()]dn
CRM-CNRS H
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Hierarchical system for a general operator
Definition
One says that a:=ag + a1 + - - - an, aj(0) =0 for j > 1, is a solution of

the formal asymptotic expansion of Op(P)(ae?) = \ae'® + (ZJ'N:o f;)e' if

P(b(x),0")a0 = Aag + fo,

L¥(ag) + P(b(x),0")a1 = Xay + f, 7)
> P2 LP(ap-j) + P(b(x),0")ap = Aap + .

Proposition

If 0", \ does not solve det(P(b(x),8") — A) = 0, this system has no
solution. Otherwise, this system has a solution if Ker(P(b(x),0') — \) and
Im(P(b(x),0") — \) are supplementary spaces.
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Fundamental equation for the Craig-Sulem system:
Eigenvector of the DTN operator of CS 2005 < zero solution of
Op(A(b, k))¢ + Op(C(b, k)¢ =0,
Op(Dtanh hoD)é + ' = Ao
Op(A)(ae™®) = A(b(x), 0/ (x))a + L[167ZALK) 5 | DALK) 31 4 j ot
System (defining Go(k) := k tanh khg, Fourier multiplier):
Aa+ Cb+ LA + 30"A"a+ C'H + 10" C"b] = l.o.t.
Goa+0'b+ 1[Gl + 107Gy + b] — Xa=l.o.t
Hierarchical system (similar to the high frequency expansion)
Aag+ Cbhy =0
Goag + 0'bg — Nag =0

{ Aay + Cby + HA'a) + 50" A"ag + C'by+ 30" C"bg] = 0. e

Goay + 0'by + 11Glal + l9”6”30 + byl — Aay = o,... T |
i L~090 EO 0

CRM-CNRS
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First relation (eikonal equation):
(Go(0") — N\)C(b(x),0") — ' A(b(x),0") = 0 = § tanh h(x)0' = X.  (8)
Let 7 be the reciprocal function of X — X tanh X.

00 =T ()

Main observation: Ah close to 0 yields 6'(x) ~ \/% Ah large yields
0'(x) ~ A
Intermediate regime: Ah € [4 tanh 1, 3 tanh 3] = [0.23,2.47].
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Geometrical optics (as JMR)

Define Mo(b(x),0) = ( Gg(é,)) H’A) C(b(gl),ef) )

o Equation > € KerMy
1[A/a/ + 19”/4”3 + C'b. + 19//C//b ]
i i 0 0 0T 2 0
o Equation ( %[G(’)ag n %9//(;6/30 + by ) € ImMy

o By combination, ordinary differential equation on ag.

1 1
Indeed ( b > = ag A(b(x),0)) | = a0 Go(6')—» | and
0 TC(x),0) T

—0'[Aay+ 30" A”ag+ C'by+ 360" C" bo] + C(b(x), 0") [ G§ap + 30" G§ ag + bf] = 0.
Equivalent to

E(b(x )0’) ot 1D(b( ),0")8" = 0. &
_—
= &b
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Remark that h(x)6'(x) tanh(h(x)é’'(x)) = Ah(x), which yields
tanhfl(ﬁ)

h(x)0'(x) = F(Ah(x)) or h(x) = — - Deduce b in function of o’

and A then , N
ap _ 1D(bA(¥),0)

— _779//
ag 2 E(by(0),0")

Explicit expression:

an(x) = [n(1 = ) tanh 1y 5] Ey = o

C M'CN S AA vswuwmysvc
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Action of the DTN on the GO formal approximation

Proposition

Let 0’ solution of the eikonal equation. For a being a function of b, of
class C*, expressed as a(x) = a(b(x)),

e~0) Op(A(b(x), k))(ae®) — A(b(x), 8'(x))a(b(x))

= —30"(x)A"(b(x),0(x))a(b(x)) = A'(b(x), 0" (x)) & (a(b(x))
+0(b"(x), (b (x))?).

Remark: the same result does not hold for C because Op(C) does not
send S to S (exponential growth). Slight modification: consider

C(b(x), k) := C(:ggﬁxgoi) or, with W(x,z) = Op(A)(¢) + Op(C)()). Above
proposition valid for C. %
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Final result

(P % DR )en (L) =ow+ @p
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Conclusion and perspectives

e Geometrical optics-physical optics seem to work at frequency 1
e Remainder term controlled, at each order N, by ﬂf:O(b(’))k’, with
dSlk=N+2

e Definition of the intermediate regime from the behavior of

X — Xtanh X,

e Obtain the GO solution of the mild slope equation as the GO
eigenvector at order 0,

e Compare the modified mild slope quation (Chamberlain-Porter,
Chamberlain) with the PO eigenvector,

e Compare with numerics,

e Compare with sloshing problem (Levitin, Polterovich, or Nigam).
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Proof.

The proof uses R(u) = e/lf(xtu)=0()=6"(x)u—
u*S(u) = a(x + u) — a(x) — a'(x)u — 33" (x)u® — $a”(x)u®. One then has

9/’2(x) LIZ]'

"
6/ (x)uti 9 2(X) u?

. . 1 1 i
efle(x)a(x TF u)e/e(xﬂl = R(u)[a(x) + ua’ (x) + Ea”(x)u2 TF ga/”(x)u3 I u45(u)]e'

The Fourier transform of -

.0 (x
u — [a(x) + ud(x) + 22" (x)u? + 3" (x)u® + u*S(u)]e’ v at 0/(x) + 1
is the sum of

2
a(X) ol 0//T(IX) + [(9//?)() )2 - 0,,I(X)]3 ( )+ [(oll(x)) + (GII(X) 2]6 W

and of the Fourier transform of u — u*S(u)e ,gf(x)uJHe '), -
T d;h "
YAV
CRM-CNRS VAYAN R

International Fesearch Lab

E. Audusse, O. Lafitte, C Sulem (LAGA-CR JOS0-2025 <32/34 >




Proof.
The action of the symbol A(b(x), k) on u — P(u)eiel(x)“+i9 e
0"() 2

the action of the symbol A(b(x),0(x) +n) on u — P(u)e’ 2" “". Use
then 44 7(m) = A(b(x), 6" (x)) + A’ (b(x), 0’ (x))n + LA” (b(x), 0’ ())n? — LA (b(x), 8’ ))n®. T he three
first terms act as 1/ = (%%)f and this action is handled by the terms
A(b(x), 0/ (x))a(x) + A/ (b(x), 8'(x))a'(x) + 38" (x)A"(b(x), 0/(x))a(x).
One is thus left to study

u?

is then

/”jf(R) * F(u"S(u)e’2"" %) () dy,

7{][R(U)S(U)T(n)n4u4e"92(x)”2"””dudn-

ke
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E.

Proof.
Observe that o o

.9// 5% '9// 5% 3
() HF(S(u)R(u)e™=)) = § u*S(u)R(u)e = “2”‘”7du and that
§ 0t T(n)u*S(u)R(u)e “" 19581 = Op(s* T)(RSu'e! 1)),
By use of Fourier transform, the actlon of n* is then the application of
(i at) hence the latter term rewrites

(51 TG 5o) F(RSEE#) (1)

This induces the result. Note that, to obtain exactly our result, we need to
keep only derivatives of a up to order 2 (using a different version of S),
use R—1= 0(0") = O(b"), in order to obtain thanks to

S(u) = 20tu)=20d=a(Ju _ o(p” 1 (5/)2) the good estimates in the Aght

u

hand term. [ ]]
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